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Abstract
In this paper, we express the Newman–Penrose constants in terms of
the Geroch–Hansen multipole moments for stationary spacetimes. These
expressions are translation-invariant combinations of the multipole mo-
ments up to quadrupole order, which do not normally vanish.
1 Introduction
The Newman–Penrose (NP) constants were defined by Newman and Penrose
in [12]. They are quantities defined on the null-infinities, and turn out to be
conserved under time translations. Even though they have been studied for
a long time, their meaning is still not fully understood. Lately, it has been
disputed whether the NP constants are zero for stationary spacetimes or not.
For the Kerr solution they are zero [3]. In fact, it has been shown that they are
zero for all algebraically special stationary spacetimes [15]. The NP constants
have also been calculated for a wide set of examples [4, 7, 11]. The original
paper [12] by Newman and Penrose gives expressions of the NP constants in
terms of multipole moments. It is unclear, however, how these moments were
defined, if they are coordinate independent and if different moments can be
specified independently. The Geroch–Hansen multipole moments have these
properties, but were defined later [8, 9]. Therefore, this paper is intended to
clearly settle the matter by expressing the NP constants in terms of the Geroch–
Hansen multipole moments. These multipole moments also give a possibility of
physical interpretation.
The Geroch–Hansen multipole moments can be freely specified under a sim-
ple convergence condition. That is, for any given choice of multipoles, satisfying
the convergence condition, there is a unique stationay spacetime with these mul-
tipole moments. This was shown in [2] for the stationary axisymmetric case.
Recently, Herberthson [10] showed this for the general static case using results
of Friedrich [6]. The result of Frierdich states that for static spacetimes one
can freely specify null data under a convergence condition. These null data are
related to the multipole moments, but the relation is fairly complicated. The
results by Friedrich have been extended to the stationary case by Acen˜a [1].
Hopefully, the results by Herberthson can also be extended to the stationary
case, but for now it is still an open problem.
1
For the static case, one could establish the relation between the NP constants
and the Geroch–Hansen multipole moments, using the results of Friedrich and
Ka´nna´r [7], but it will not give the general stationary case. One would also need
to be careful with the translation between formalisms. Therefore, the original
definition of the multipole moments, and the asymptotic expansions of Wu and
Shang [15] are used in this paper.
Throughout this paper we use abstract index notation. For coordinate
expressions we sometimes omit the indices, and use the short hand notation
dxdy = (dx)(a(dy)b).
2 Tetrad expressions
In this paper, we will use series expansions of stationary spacetimes in Bondi–
Sachs coordinates (u, r, ζ, ζ¯). Expressed in standard angular coordinates, the
complex angle ζ = eiφ cot θ2 . The differential operators ð, ð¯ are defined as in
equation (4.15.117) in [13], for the complex stereographic coordinates ζ, ζ¯, i.e.
ðf =
1 + ζζ¯√
2
∂f
∂ζ¯
+ s
ζ√
2
f, ð¯f =
1 + ζζ¯√
2
∂f
∂ζ
− s ζ¯√
2
f (1)
where s is the spin-weight of f . Observe that this differs slightly from the
operator usually used for the θ, φ coordinates, due to a different choice of spin-
frame. The corresponding spin-weighted spherical harmonics are then given
by
sYj,m =
√
(2j + 1)(j + s)!(j − s)!(j +m)!(j −m)!ζ¯j−mζj+s
(−1)m2√pi(1 + ζζ¯)j
×
min(j−m,j+s)∑
r=max(0,s−m)
(−ζζ¯)−r
r!(j −m− r)!(j + s− r)!(r +m− s)!
(2)
where −j ≤ s ≤ j, −j ≤ m ≤ j.
We take the following expansion of the null tetrad from [15], using Ψ02 = Ψ¯
0
2.
la =
∂
∂r
,
na =
∂
∂u
+
(
−1
2
− Ψ
0
2
r
+
ð¯Ψ01 + ðΨ¯
0
1
6r2
− ð¯
2Ψ00 + ð
2Ψ¯00
24r3
−
( |Ψ01|2
12
+
ð¯2Ψ10 + ð
2Ψ¯10
120
)
r−4 +O(r−5)
)
∂
∂r
+
(
1 + ζζ¯
6
√
2r3
Ψ01 −
1 + ζζ¯
12
√
2r4
ð¯Ψ00 +O(r−5)
)
∂
∂ζ
+
(
1 + ζζ¯
6
√
2r3
Ψ¯01 −
1 + ζζ¯
12
√
2r4
ðΨ¯00 +O(r−5)
)
∂
∂ζ¯
,
ma =
(
−Ψ
0
1
2r2
+
ð¯Ψ00
6r3
+
ð¯Ψ10
24r4
+O(r−5)
)
∂
∂r
+
(
1 + ζζ¯
6
√
2r4
Ψ00 +O(r−5)
)
∂
∂ζ
+
(
1 + ζζ¯√
2r
+O(r−5)
)
∂
∂ζ¯
,
(3)
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where the expansions of the Weyl curvature are
Ψ0 =
Ψ00
r5
+
Ψ10
r6
+O(r−7), Ψ3 = Ψ
2
3
r4
+
Ψ33
r5
+
Ψ43
r6
+O(r−7),
Ψ1 =
Ψ01
r4
+
Ψ11
r5
+
Ψ21
r6
+O(r−7), Ψ4 = Ψ
4
4
r5
+
Ψ54
r6
+O(r−7), (4)
Ψ2 =
Ψ02
r3
+
Ψ12
r4
+
Ψ22
r5
+
Ψ32
r6
+O(r−7).
We find that for stationary spacetimes, the timelike Killing vector field, can
be expressed as ta = T la + na + A¯ma + Am¯a, where T and A were computed
in [15] from the Killing equations, and found to be
T =
1
2
+
Ψ02
r
− ð¯Ψ
0
1 + ðΨ¯
0
1
6r2
+
ð¯2Ψ00 + ð
2Ψ¯00
24r3
+
ð¯2Ψ10 + ð
2Ψ¯10
120r4
− |Ψ
0
1|2
12r4
+O(r−5),
A = −Ψ
0
1
6r2
+
ð¯Ψ00
12r3
+
ð¯Ψ10
40r4
+O(r−5). (5)
3 The metric and quotient metric
Expressed in terms of the coordinate basis, the Killing vector is
ta =
∂
∂u
+O(r−5) ∂
∂r
+O(r−5) ∂
∂ζ
+O(r−5) ∂
∂ζ¯
. (6)
For further calculations, we need expansions of the metric components. The
contravariant metric is given by gab = 2l(anb)−2m(am¯b). Matrix inversion then
gives the covariant metric
gab =
(
1 + 2Ψ02r
−1 − 13 (ð¯Ψ01 + ðΨ¯01)r−2 + 112 (ð¯2Ψ00 + ð2Ψ¯00)r−3 +O(r−4)
)
du2
+
(
4
√
2Ψ¯01
3(1 + ζζ¯)
r−1 − ðΨ¯
0
0√
2(1 + ζζ¯)
r−2 +O(r−3)
)
dudζ
+
(
4
√
2Ψ01
3(1 + ζζ¯)
r−1 − ð¯Ψ
0
0√
2(1 + ζζ¯)
r−2 +O(r−3)
)
dudζ¯ + 2dudr (7)
+
(
2Ψ¯00
3(1 + ζζ¯)2
r−1 +O(r−2)
)
dζ2 +
(
2Ψ00
3(1 + ζζ¯)2
r−1 +O(r−2)
)
dζ¯2
+
(
− 4
(1 + ζζ¯)2
r2 +O(r−2)
)
dζdζ¯.
The norm λ = tata = 2T − 2AA¯ is
λ = 1 + 2Ψ02r
−1 − 13 (ð¯Ψ01 + ðΨ¯01)r−2 + 112 (ð¯2Ψ00 + ð2Ψ¯00)r−3 +O(r−4) (8)
Furthermore, the twist ωa = −εabcdtb∇ctd has a potential ω, which is defined
via ∇aω = ωa and ω → 0 as r → ∞. Observe that the sign convention alter-
nates throughout the literature. A change of the sign corresponds to complex
conjugation of the multipole moments. From the metric we compute
( ∂
∂r
)aωa =
2i
3 (ðΨ¯
0
1 − ð¯Ψ01)r−3 − i4 (ð2Ψ¯00 − ð¯2Ψ00)r−4 +O(r−5). (9)
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An integration then yields
ω = − i3 (ðΨ¯01 − ð¯Ψ01)r−2 + i12 (ð2Ψ¯00 − ð¯2Ψ00)r−3 +O(r−4). (10)
The equations for the other components are then satisfied due to the vacuum
field equations.
Now consider a conformal compactification V of the 3-manifold of trajecto-
ries of ta with metric hab = Ω
2(−λgab + tatb). We want to choose Ω such that
we can add a point Λ (the infinity point) such that hab extends smoothly to Λ.
We also demand
Ω = 0, DaΩ = 0, DaDbΩ = 2hab at Λ, (11)
where Da is the covariant derivative on hab. The following choice of conformal
factor turns out to be adequate:
Ω = (r−1 −Ψ02r−2 + 118 (Ψ02)2r−3)2. (12)
The coefficients are chosen so as to make the limit of the Ricci tensor of hab to
vanish.
The coordinates r, ζ, ζ¯ will naturally induce coordinates on V . With a slight
abuse of notation we will use the same name for the induced coordinates. Note
that r will be a radial coordinate on V for large r. Unfortunately, the compo-
nents of the metric hab will not extend smoothly to Λ in the Cartesian coor-
dinates corresponding to the coordinates (R = r−1, ζ, ζ¯). Therefore, we need
better coordinates to verify that our choice of conformal factor is good.1 One
way to find good coordinates is to compute harmonic coordinates. Hence, we will
use asymptotically Euclidian harmonic coordinates (x, y, z). For computational
purposes, we also use the corresponding spherical coordinates with complex
stereographic angles. Thus,
x = ρ
η + η¯
1 + ηη¯
, y = −iρ η − η¯
1 + ηη¯
, z = ρ
ηη¯ − 1
1 + ηη¯
. (13)
A fairly straightforward computation gives us the new coordinates expressed in
terms of the old ones:
ρ = r−1 −Ψ02r−2 + 54 (Ψ02)2r−3 +O(r−4),
η = ζ −
√
2
6 (1 + ζζ¯)Ψ
0
1r
−2 +O(r−3). (14)
The conformal metric and the conformal factor are then found to be
hab = dx
2 + dy2 + dz2 +O(ρ3), Ω =ρ2 + 14 (Ψ02)2ρ4 +O(ρ5). (15)
Now we easily see that Ω → 0 when ρ → 0; thus, ρ = 0 will now represent
the infinity Λ on our 3-manifold. The smoothness of hab and the conditions (11)
can now be easily verified. The Ricci tensor Rab of hab is Rab = O(ρ).
1For the computation of the multipole moments, we actually do not need better coordinates,
but to verify smoothness, we do.
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4 Geroch–Hansen multipole moments
Define the complex potential
P =
1− λ− iω
(1 + λ+ iω)
√
Ω
. (16)
This potential as well as the choice of sign in the definition of the twist is taken
from [5]. There are many different possible choices of potential, but large classes
of potentials do produce the same moments [14]. The Geroch-Hansen multipole
moments [8, 9] are given by the limits of
Pa1...an = C
[
Da1Pa2...an −
(n− 1)(2n− 3)
2
Ra1a2Pa3...an
]
, (17)
as one approaches Λ. Here C[·] represents the totally symmetric and trace-free
part.
Hence, with monopole (mass) M , dipole Ca, and quadrupole Qab expressed
in Cartesian coordinates, we by definition have
lim
ρ→0
P =M
lim
ρ→0
Pa = Cxdx+ Cydy + Czdz
lim
ρ→0
Pab = Qxxdx
2 +Qyydy
2 − (Qxx +Qyy)dz2
+ 2Qxydxdy + 2Qxzdxdz + 2Qyzdydz.
(18)
Under a translation Ω′ = Ω(1 + xTx + yTy + zTz) the dipole will transform
like C′j = Cj − 12MTj, while the quadrupole will transform like
Q′xx = Qxx − 2TxCx + TyCy + TzCz − 14M
(−2Tx2 + Ty2 + Tz2) ,
Q′yy = Qyy + TxCx − 2TyCy + TzCz − 14M
(
Tx
2 − 2Ty2 + Tz2
)
,
Q′xy = Qxy − 32TxCy − 32TyCx + 34MTxTy,
Q′xz = Qxz − 32TxCz − 32TzCx + 34MTxTz,
Q′yz = Qyz − 32TyCz − 32TzCy + 34MTyTz.
(19)
We expand Ψ00, Ψ
0
1 and Ψ
0
2 in terms of spin-weighted spherical harmonics:
Ψ00 =
2∑
m=−2
Am2Y2,m =
√
5
A−2 + 2ζA−1 +
√
6ζ2A0 + 2ζ
3A1 + ζ
4A2
2
√
pi(1 + ζζ¯)2
,
Ψ01 =
1∑
m=−1
Bm1Y1,m = −
√
3
B−1 +
√
2ζB0 + ζ
2B1
2
√
pi(1 + ζζ¯)
,
Ψ02 = C.
(20)
Here C is real, Bm and Am are complex.
A series expansion of the potential yiels
P = − C + 2η¯B−1 +
√
2(ηη¯ − 1)B0 − 2ηB1√
24pi(1 + ηη¯)
ρ−
√
5(η2η¯2 − 4ηη¯ + 1)A0
4
√
6pi(1 + ηη¯)2
ρ2
−
√
5(η¯2A−2 + η¯(ηη¯ − 1)A−1 − η(ηη¯ − 1)A1 + η2A2)
4
√
pi(1 + ηη¯)2
ρ2 +
3C3
8
ρ2 +O(ρ3)
(21)
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One then easily obtains the multipole moments by changing to Cartesian
coordinates and taking limits:
lim
ρ→0
P = − C,
lim
ρ→0
Pa = lim
ρ→0
DaP =
√
6
12
√
pi
(B−1 −B1)dx − i
√
6
12
√
pi
(B−1 +B1)dy +
√
3
6
√
pi
B0dz,
lim
ρ→0
Pab = lim
ρ→0
(DaDbP − 13habDcDcP ) =
√
5
24
√
pi
(
√
6A0 − 3A2 − 3A−2)dx2
+
√
5
24
√
pi
(
√
6A0 + 3A2 + 3A−2)dy
2 + i
√
5
4
√
pi
(−A2 +A−2)dxdy
−
√
30
12
√
pi
A0dz
2 +
√
5
4
√
pi
(A1 −A−1)dxdz + i
√
5
4
√
pi
(A1 +A−1)dydz.
(22)
5 Newman–Penrose constants
By comparing the limits (18) and (22), one can conclude that
A−2 = −2
√
pi
5 (Qxx −Qyy + 2iQxy), B−1 =
√
6pi(Cx + iCy),
A−1 = −4
√
pi
5 (Qxz + iQyz), B0 = 2
√
3piCz ,
A0 = 2
√
6pi
5 (Qxx +Qyy), B1 =
√
6pi(−Cx + iCy), (23)
A1 = 4
√
pi
5 (Qxz − iQyz), C = −M,
A2 = 2
√
pi
5 (−Qxx +Qyy + 2iQxy).
The NP constants {Gm} can then be computed from
Gm =
∫ 2pi
0
∫ pi
0
Ψ102Y2,m sin θdθdφ =
∫ 2pi
0
∫ pi
0
(103 Ψ
0
1 − 5Ψ02Ψ00)2Y2,m sin θdθdφ.
(24)
Here the spin-weighted spherical harmonics are as in the definition (2). For
the integration, the variables are changed to (θ, φ) via ζ = eiφ cot θ2 . Observe
that we do not change the spin frame to be adapted to the new coordinates.
Expansions of the integrands can, in principle, be taken from [15] eq (51), but
they do use a different spin-frame in that section the paper, hence it is easier to
redo the calculations than translating the result.
The integration gives
G−2 = −2
√
5pi(3C2y − 3C2x +MQxx −MQyy + 2iMQxy − 6iCxCy),
G−1 = −4
√
5pi(iMQyz − 3CxCz − 3iCyCz +MQxz),
G0 = 2
√
30pi(−C2x − C2y + 2C2z +MQxx +MQyy), (25)
G1 = −4
√
5pi(iMQyz + 3CxCz − 3iCyCz −MQxz),
G2 = −2
√
5pi(3C2y − 3C2x +MQxx −MQyy − 2iMQxy + 6iCxCy).
As expected, this is the same form as in the original paper by Newman and
Penrose [12], i.e., linear combinations of dipole squared and monopole times
6
quadrupole. From the translation rules (19), it is easy to see that the NP
constants are invariant under translations. Hence, they are independent of the
choice of conformal factor. As the NP constants are expansion coefficients for
spin-weighted spherical harmonics, they will depend on the spin-frame though.
For the axisymmetric case, we see that G−2 = G−1 = G1 = G2 = 0 and
G0 = 2
√
30pi(2C2z −MQzz), where Qzz = −2Qxx = −2Qyy is the zz-component
of the quadrupole.
We can conclude that the NP constants are, in general, not zero, but for some
important solutions they are. For instance, the Kerr solution has Cz = iMa,
Qzz = −2Qxx = −2Qyy = −2Ma2, and all other components of Ca and Qab are
zero. This yields the well-known fact that all NP constants are zero for the Kerr
solution. In fact, they are zero for all stationary, algebraically special solutions
[15].
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